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Abstract. We investigate autoresonance (AR) in the system of two
coupled oscillators. Two classes of autoresonant problems are
investigated analytically and numerically: (1) a periodic force with
constant frequency is applied to the Duffing oscillator with slowly
time-decreasing linear stiffness; (2) the time-independent nonlinear
oscillator is excited by a force with slowly increasing frequency. In
both cases, stiffness of the linear oscillator and coupling remains
constant, and the system is initially engaged in resonance. It is
demonstrated that in the system of the first type AR occurs in both
oscillators but in the system of the second type AR in the nonlinear
oscillator occurs along with irregular small oscillations of the linear
oscillator

1. Introduction

The phenomenon of the permanent growth of energy in a
classical anharmonic oscillator subjected to periodic forcing with slow
variations of forcing and/or resonant frequencies was first used in
applications to particle acceleration [1, 2]. The term “autoresonance”
(AR), introduced [3] in the context of cyclotron resonance stability,
seems to be more convenient in the study of the increasing amplitudes
of the resonant process.

Theoretical approaches, experimental evidence and applications
of AR in different fields of natural science, from plasmas to planetary
dynamics, have been reported in numerous works (see, e.g., [4 - 6], and
references therein). Recent advances in the study of AR in two or three
degree-of-freedom (2D and 3D) are excitations of continuously phase-
locked plasma waves with laser beams [4, 7 - 10], particle transport in a
weak external field with slowly changing frequency [11, 12], etc.

The behavior of each oscillator in the multi-dimensional array
can principally differ from the dynamics of a single oscillator. Below
we illustrate this effect by an example of the 2D system.
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2. AR in the system of the first type

In this section the model of two coupled oscillators is considered:
2

du
mldel +CyUy +Cpp (U —u) =0,
2 (1)

m, C:IT;JqLC(t)u +kud + ¢, (U—uy) = Acosat,

where u and u; correspond to the absolute displacements of the
nonlinear and linear oscillators, respectively; the parameter C(t) = ¢, —
(kq + kat), k2> 0. The system is assumed to be initially at rest.

We define the small parameter & as Ci/c; = 2¢ << 1. Next,
assuming weak nonlinearity and taking into account resonance
properties of the system, we redefine the parameters as follows:

Cu/my = Co/My = @, = at, 71 = €1, A = emaPF.
ky/Co = 263, kalCo = 26°ba, kico = 8sar, CpolCr =264, r=0,1.  (2)
In these notations, the equations of motion are rewritten as:
2

DUy + 26 (U —U) =0,
40

(©)
d2uq

7%
where {(71) = s + bz, The multiple scales decomposition [13] is applied
to construct explicit asymptotic solutions of Egs. (3). To this end, we

introduce the complex amplitudes

+(1—2& (7))u + 282y (U — Uy ) + 8sau® = 2¢F sin 7,

Y, = (v, +iu)e" ™, r=041, 4)
where Y and Y, are sought in the form of expansions
Y =0, (ry) + ap{) (20, 71) + ... ®)

To keep the notations simpler, we employ the transformations
r=s7, y(n) = p(n)lA, A=(s/3a)",
f=FIsA, u, = Als, B=bIs?, &(2) =1+ fr, (6)
Inserting (4) - (6) into (3), after some little algebra we obtain the
dimensionless equations for the complex slow amplitudes y, and y1

d .
%— it (w1 —vo) =0,p,(0) =0,

%_lﬂo(l/fo —yw1)+i(&o ()= 1wo |2)‘//o =—if ,y(0)=0.

(")
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The real-valued amplitudes and phases of oscillations are defined
as ar = |y, A = argy;, r =0, 1. The thorough derivation of the leading-
order equations is presented in [14-16].

The following parameters are used for numerical simulations:

£=0.05, #=0.05, 1o =0.02, u; = 0.25; f = 0.34. (8)
It was shown [17] that the system with chosen parameters admits AR.
Figure 1 depicts the amplitudes of both oscillators.
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Fig. 1. Amplitudes of oscillations in the systems of the 1% type

It is seen from Fig.1 that the solutions of system (7) can be
presented in the form

w (7)) =y, (7) + &r (@), )
where v, (z) represents small fast fluctuations near the respective
quasi-steady state ., r =0, 1.

The states i, can be computed from (7) at “frozen” ¢, under the
conditionsdiy, /dz =0, r = 0, 1. Under these assumptions we obtain
that v, =y, and

(oo Pz =—1 . (10)
Hence Imy,= 0, Reyy= |wyl; |w,| =a,,a =a,. It follows from
(2.13) that 502 =~y — Pt if f << 24. Note that this asymptotic limit
was earlier obtained for a single oscillator [17].

3. AR in the system of the second type

In this section we briefly analyse AR in the system with constant
parameters driven by an external force with the slowly changing
frequency. The equations of motion are reduced the form
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2
Uy

2.2 + Ul + 28/11([.]1 _UO) = O,
0

2

U :
r§0 +Ug + 2840 (Ug —Uy) +82aU5 = 26F sin(zg +60(zy)), (11)

deo
d_z'l =¢ (7).
with initial conditions u, =0, v, = 0 at i, =0, r = 0, 1. Reproducing

transformations (4) - (6) and introducing the variablesy, = ¢rei‘9° © we
obtain the following equations for the slow complex amplitudes ¢:

%+ igo (D)o~ (o — ) =0,¢,(0) =0,
o (12
2= @) (6 @)ooy =~if, 9,(0) =0

with coefficients (6). The real-valued amplitudes a, and phases 4, are
defined as a; = |¢], 4 = argé;, r =0, 1.
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Fig. 2. Amplitudes of oscillations in the systems of the 2™ type

Figure 2 depicts numerical results for the system with parameters
(8) It is seen that the amplitude of the nonlinear oscillator is very close
to its analogue presented in Fig.l but the behavior of the linear
oscillator drastically differs from regular AR in Fig. 1.

As shown above, the quasi-steady state ¢, is sought as a solution
of system (12) at “frozen” ¢pand dg/dz = 0. It is easy to prove that the
function ¢, satisfies the equation analogous to (10), and @, =| ¢, |.
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If the solution ¢, is presented in the form ¢, =g, +50, then the
equation for ¢, can be rewritten as

%+i[§o(7)_ﬂ1]¢1=—iyl(§zo +50)*¢1(0):0- (13)

Hence ¢ =+, where & =—{14/(Co—14)lh. Since gy ~./Zy . the
slowly varying function 51 and the corresponding quasi-steady
amplitude are given by:

A (D) =—111$o(2) >0, &(@) A () = 4 /<o (z) -0
as 7 — oo. Dashed lines in Fig. 2 depict the functions &, =./¢, and

a,(7) ZM/\/Q/O(T) .

A key conclusion from these results is that the passage through
resonance in the system of this type does not provide oscillations with
growing energy in the attached oscillator; furthermore, the amplitude of
linear oscillations decreases when the frequency detuning increases.

The author acknowledges support for this work from the Russian
Foundation for Basic Research through the RFBR grant 14-01-00284.
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