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Óðàâíåíèåì ÊÏÏ íàçûâàþò ëîãèñòè÷åñêîå óðàâíåíèå ñ äèôôóçèåé

∂u

∂t
=
∂2u

∂x2
+ u[1− u]. (1)

Çäåñü t ≥ 0 � âðåìåííàÿ ïåðåìåííàÿ, à x ∈ (−∞,∞) �
ïðîñòðàíñòâåííàÿ .
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×èñëåííîå èññëåäîâàíèå ïðîâîäèëîñü äëÿ óðàâíåíèÿ ÊÏÏ,

ñîäåðæàùåãî çàïàçäûâàíèå

∂u(t, x)

∂t
=
∂2u(x , t)

∂x2
+
(
1− u(t − τ, x)

)
u(t, x), (2)

ãäå u(t, x) � äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ íà íåêîòîðîì îòðåçêå

[a, b]. Ïðè ýòîì ðàçíèöó |a− b| áóäåì ñ÷èòàòü äîñòàòî÷íî

áîëüøîé äëÿ òîãî, ÷òîáû óâèäåòü ðàñïðîñòðàíåíèå âîëíû äî

ìîìåíòà âñòðå÷è ôðîíòà ñ ãðàíèöàìè a èëè b. Äëÿ çàäà÷è (2)

áóäåì çàäàâàòü íóëåâûå êðàåâûå óñëîâèÿ u(t, a) = u(t, b) = 0.
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Ïåðåéäåì ê îïèñàíèþ âû÷èñëèòåëüíîé ïðîöåäóðû. Âòîðóþ

ïðîèçâîäíóþ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ∂2u(x ,t)
∂x2

çàìåíèì

êîíå÷íî-ðàçíîñòíûì îïåðàòîðîì. Äëÿ ýòîãî îòðåçîê [a, b]
ðàçîáüåì íà N ðàâíûõ ÷àñòåé è ïîñòðîèì ñåòêó óçëîâ ñ øàãîì

h = b−a
N : xj = a+ jh, ãäå j = 0, . . . ,N − 1. Îáîçíà÷èì ÷åðåç uj(t)

çíà÷åíèå ôóíêöèè u(t, x) â ñîîòâåòñòâóþùèõ óçëàõ ñåòêè. Â èòîãå

ïîëó÷èì ñëåäóþùóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé:

∂uj(t, x)

∂t
=

uj+1(t)− 2uj(t) + uj−1(t)

h2
+
(
1− uj(t − τ)

)
uj(t). (3)

Äëÿ ó÷åòà êðàåâûõ óñëîâèé ïîëàãàåì u−1(t) = uN(t) = 0.
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Ìîäåëèðîâàíèå ïðîâîäèëèñü íà âû÷èñëèòåëüíîì êëàñòåðå ÌÍÈË

¾Äèñêðåòíàÿ è âû÷èñëèòåëüíàÿ ãåîìåòðèÿ¿ èì. Á.Í. Äåëîíå.

Îäíîâðåìåííî ðåøàëîñü îò N = 9 · 104 äî N = 1.8 · 105 óðàâíåíèé.
Îñîáåííîñòüþ ÷èñëåííîãî ðåøåíèÿ òàêîãî áîëüøîãî êîëè÷åñòâà

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì ÿâëÿåòñÿ

ïîâûøåííàÿ òðåáîâàòåëüíîñòü ê îáúåìàì äîñòóïíîé ïàìÿòè äëÿ

õðàíåíèÿ âñåãî ðåøåíèÿ íà ïðîìåæóòêå çàïàçäûâàíèÿ. Â ñâÿçè ñ

÷åì ðåøåíèå ïðèõîäèëîñü ñîõðàíÿòü íà æåñòêîì äèñêå êëàñòåðà,

÷òî ñóùåñòâåííî çàìåäëÿëî ïðîöåäóðó ðàñ÷åòà.
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Äëÿ âû÷èñëåíèé èñïîëüçîâàëñÿ ìåòîä Äîðìàíà-Ïðèíöà ïÿòîãî

ïîðÿäêà ñ ïåðåìåííîé äëèíîé øàãà èíòåãðèðîâàíèÿ. Àáñîëþòíàÿ

è îòíîñèòåëüíàÿ ïîãðåøíîñòü àëãîðèòìà áûëà óñòàíîâëåíà â

çíà÷åíèå 10−12. Íà÷àëüíûé øàã èíòåãðèðîâàíèÿ ðàâåí 10−3.
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Íà÷àëüíûå óñëîâèÿ âûáðàíû â âèäå ïðÿìîóãîëüíîãî èìïóëüñà

âûñîòû 0.1 è åäèíè÷íîé øèðèíû, ðàñïîëîæåííîãî ïî ñåðåäèíå

îòðåçêà x äëÿ âñåõ −τ 6 t 6 0. Â ÷àñòíîñòè, äëÿ ñëó÷àÿ

x ∈ [0, 1800]:

uj(t) =

{
0.1, åñëè j ∈ [89950, 90050],

0, èíà÷å,
(4)

ãäå t ∈ [−τ, 0]. Äëÿ ïîñëåäóþùåãî àíàëèçà ïîëó÷åííûå äàííûå

ïðîðåæèâàëèñü.

7 of 14



Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 0: a) òðåõìåðíàÿ èçîáðàæåíèå b)
ðàçðåç ïðè t = 200
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Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 1: a) òðåõìåðíàÿ èçîáðàæåíèå b)
ðàçðåç ïðè t = 200
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Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 1.6: a) òðåõìåðíîå èçîáðàæåíèå b)
ðàçðåç ïðè t = 400 c) ðàçðåç ïðè x = 900 d) âèä ñâåðõó
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Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 1.7: a) òðåõìåðíîå èçîáðàæåíèå
ïðè x ∈ [600, 1200] è t ∈ [405, 420] b) ðàçðåç ïðè t = 400 c) ðàçðåç ïðè
x = 900 d) âèä ñâåðõó
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Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 1.8: a) òðåõìåðíîå èçîáðàæåíèå
ïðè x ∈ [400, 1400] è t ∈ [405, 420] b) ðàçðåç ïðè t = 400 c) ðàçðåç ïðè
x = 900 d) âèä ñâåðõó
12 of 14



Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 2: a) òðåõìåðíîå èçîáðàæåíèå ïðè
x ∈ [300, 600] è t ∈ [200, 220] b) ðàçðåç ïðè t = 200 c) ðàçðåç ïðè
x = 450 d) âèä ñâåðõó
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Ðèñ. : Ðåøåíèå ñèñòåìû (3) ïðè τ = 3, âèä ñâåðõó a) ïðè h = 0.1 b) ïðè
h = 0.02
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